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1. INTRODUCTION 
We are interested in analyzing the existence and stability of invariant sets 
bifurcating from the origin of the following four dimensional system of 
differential equations 
jicEyj+WiXj+ Y;(E, XT ,V)y i= 1, 2, 
(1.1) 
where x=(x1,x2), y=(y,,y2),Xi, Yi~CCO([0,E)xR4,R), for some 
E> 0, Xi, Y, = 0( 1x1’ + I yl*), and wr /w2 is not a rational number. Our work 
is motivated by the results of Samoilenko and Polesya [4] who provided 
the existence and stability behavior of two dimensional tori and one dimen- 
sional cycles of (1.1 ), which bifurcate from the origin for E > 0. Their main 
assumption was that the origin of the unperturbed system (l.l), is three 
asymptotically stable [3]; that is the asymptotic stability of the origin of 
(l.l), is preserved under perturbations of order greater than or equal to 
four in (x, y) but not preserved under all perturbations of order three. A 
similar definition holds for h-asymptotic stability [3] (and h must be odd). 
We plan to analyze the existence and stability properties of the bifurcating 
tori and cycles of (1.1 ), when the origin of (l.l), is h-asymptotically stable. 
Several differences arise between the cases h = 3 and h > 3. To appreciate 
this we transform (l.l), into a normal form [3] and analyze the two 
(averaged) amplitude equations (call it (P),) written in polar coordinates. 
The system (P), is defined in the first quadrant in which the two half axes 
are invariant. The problem is to obtain the existence of equilibria of (P), 
and their stability properties. Due to the instability of the origin of (l.l), 
and hence of (P), we show that one of the eigenvalues “in the radial direc- 
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tion” corresponding to each equilibrium is negative. In the case h = 3 con- 
sidered in [4] (P), has a particularly nice form, namely, : = z AZ, where 
z= (-II , z2) and A is a nonsingular 2 x 2 matrix. The det A must be positive 
in order for the origin to be asymptotically stable; and the existence and 
stability of any equilibrium of (P), is interrelated and can be determined 
by the elements of A. That is the sign of the other eigenvalue, in the 
“transverse direction,” is nonzero for each equilibrium. Moreover, each 
equilibrium (Z,(E), ~~(a)) of (P), corresponds to a cycle of (1.1), if and 
only if Z,(E) = 0, i = 1 or 2 and corresponds to a torus if and only if 
lim E--rO (z,(E)/z~(E)) exists and is positive, again a consequence of the 
existence of the matrix A. 
When h > 3 the determination of the existence and stability properties of 
equilibria of (P), cannot be ascertained by knowledge of a linear system, 
for in this case (P), consists of terms of order greater than or equal to 3. 
In fact most of our examples have no linear terms. So our first problem is 
the determination of h which we provide for some classes of equations. We 
then need to define the proper scaling in order to put (P), into a form that 
allows for an analysis of the existence and stability of the equilibria. To do 
this we need to determine the asymptotic behavior of z~(E)/z~(E) as E -+ 0 
(in the case h = 3 there is no problem). Then we relate the existence and 
stability of the equilibria of (P), by considering the dynamics of the angular 
variable 4 of (P),, where tan 4 = z2(o)/z1( u) (in case h = 3 the dynamics of 
4 is given by a linear equation). This leads us to the sign of the “transverse” 
eigenvalue. In contrast to [4] it is possible for this eigenvalue to be zero 
which could lead to the coalescing of tori under appropriate perturbations. 
First we will assume that each equilibrium of (P), has a nonzero trans- 
verse eigenvalue and that the origin of (P), is h-asymptotically stable. We 
show this implies the existence of a corresponding torus of (1 .l ), having the 
same stability behavior as the equilibrium point of (P), (see [ 1 ] when 
h = 3) under an additional condition on the angular component of the 
vector field. Then we will provide classes of two dimensional system for 
which the origin of (P), is h-asymptotically and the transverse eigenvalue 
of (P), at any equilibrium point is either positive or negative. Finally we 
make some observations concerning two dimensional systems having no 
linear part. 
2. PRELIMINARIES 
Consider the four dimensional system of differential equations 
ii=EXi-w;yi+Xi(&,X, y) 
ji=Ey,+ w,Xi+ Yi(E, X, ,V), i= 1, 2, 
(2.1 )c 
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where x= (xi, x,), y= (yi, y*), and Xi, Yie Cm([O, E) x R4, R), for some 
E>O,Xi, Y,=0(1~1~+jy[*)as ~x~2+~y~2+0foreachs~[0,E)andw,/w2 
is an irrational number. We will assume throughout that the origin of 
(2.1), is h-asymptotically stable, h z 3; that is (i) for every perturbation 
ti, vi E Cm(R4, R), i = 1,2 of order greater than h the origin of the system 
li= - wiYz + xi(", x, .Y) + 5itx, Y) 
Pi= wixi+ yi(", x, Y) + Vttx, Y) 
(2.1 LJ 
is asymptotically stable; (ii) property (i) is not satisfied when h is replaced 
by any j = 1, 2, . . . . h - 1. It is not difficult to show h must be odd. 
In order to obtain the existence and stability behavior of bifurcating tori 
(which will include cycles) of (2.1), in a neighborhood of the origin we 
transform (2.1), into a normal form [3] and using polar coordinates 
we construct a smooth transformation such that for each integer 
m, n k 1, (2.1), becomes 
W), 
Here i?, F, G, A are C” in its variables, B, and e, are polynomials of 
degree m and n in (pi, p2), respectively, p,, p2 20, as well as C” in E. 
Finally &,, _p2, 4, e2, 4 is 4~: + P:Y/~, h, p2. &, Q,, 4 is 
4p: + P:)n’2> a~,, p2, el, e2, 4 is o(P:+P:), fh p2, 6, e2, 4 is 
o(pf+p:) as p:+p+O. 
We assume the origin of (2.2)” (and hence of (2.1),) is h-asymptotically 
stable and is recognizable by terms of degree m in the first equation in 
(2.2), and by terms of degree n in the second equation in (2.2),. Substi- 
tuting u = p:, u = pi and scaling the time variable we may write (2.2), as 
ti = Ed + d,tu, 0) + E(~, u, e,, e,, E) 
d = ED + UC,(U, 0) + qu, u, e,, e,, E) 
4, = wI + G(~, U, e,, e2, E) 
(2.3 ), 
~,=w,+H(u, 24 el, e2, 4, 
where the functions B,, C,, E, F, G, and H are defined in terms of 
B,, Z;,,, E, F, G, i7, respectively. 
544 S. R. BERNFELD 
We need to control the size of the angular components in order to obtain 
the existence of tori of (2.3); So we assume for each E > 0 
G(u, ~1, (I,, 8,, E) and H(u, G, 8,) ti2, C) are o(uz + c~)-’ 2 
as (u, u) -+ (0, o), where A = max(m, n). (AN) 
In the case h = 3 then n = m = 1 and (AN) is automatically satisfied. 
The first two equations in (2.3). are the amplitude equations and we 
shall consider the truncated system given by 
22 = EU + ufl,( u, u) 
ti = EU + uC,,(u, u), 
defined for u, v > 0. We observe that the origin of (2.3), is h-asymptotically 
stable if and only if the origin of (A), is ((h + 1)/2)-asymptotically stable. 
Hence the u and u axes of (A), are invariant and thus the origin of (A),> 
relative to initial points lying on these axes is h-asymptotically stable. This 
allows us to make the assumption 
B,(u, 0) = -bhu’+ o(d), 
C,(O, u) = - ku’ + o( u’), 
(2.4) 
where b,k>O [ j<h. 
Under (AN) there is a one to one correspondence between the hyperbolic 
equilibria of (A), in a neighborhood of the origin and the hyperbolic tori 
of (2.2), in a neighborhood of the origin. In fact, if (a, b) is an equilibrium 
of (A), with a> 0, b >O then the corresponding torus of (2.3), is two 
dimensional while if a = 0 or b = 0 the corresponding torus is one dimen- 
sional (a cycle). Moreover the stability properties of an equilibrium of 
(2.3), are the same as the stability properties of the corresponding torus 
(see [I] for a complete discussion). 
3. EXISTENCE OF TORI 
As mentioned at the end of the previous section, we need to obtain infor- 
mation about the existence of equilibria of (A), in order to solve the ques- 
tion of the existence of tori of (2.3),. Let (4, r) denote polar coordinates in 
the u-u plane, that is u = r sin 4, u = r cos 4. We will often refer to system 
(A), in polar coordinates and use 4 and i to denote the derivatives of solu- 
tions in these coordinates. In order to obtain the equilibria of (A), we look 
at the set in which B,(u, V) = CJU, u) which is equivalent to looking at the 
set in which 4 = 0. We shall assume throughout that this gives us algebraic 
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relationships at the origin, namely, u = aup + o(zF) (u = avp + o(up)), where 
a>o andp>O. If a=0 for allp then o-O(u=O). The cases where u is a 
flat function of u (U is a flat function of u) at the origin or u is a trans- 
cendental function of u (U is a transcendental function of u) lead to features 
that are somewhat different. We omit these cases in this work. Then putting 
this relationship into the right hand side of either equation of (A), gives us 
u = CE~ and v = depq in which q d 1, pq < 1 and c >, 0, d B 0. We will shortly 
show that cycles of (2.3),, which correspond to a = 0, always exist since 
u = 0, II = u, satisfies C,(O, u,) + E = 0 due to (2.4). Similar comments also 
apply to the cycle on the u axis. And we shall prove that tori of (2.3), exist, 
which correspond to the case a > 0, c > 0, and d > 0. Recall in the case 
h=3 wehavep=q=l sincem=n=l in (A),. 
We now scale (A), to search for tori which are not cycles by letting 
ii = ulceq and 0 = v/d.?, where s =pq. We obtain the scaled version of (A), 
ii = U(E + &(iiCE’, Ed&“)) 
I? = U(E + C,(iic~~, Cd&“)). 
(S), 
This equation is now defined in a neighborhood of (1.1); in fact the equi- 
librium of (S), is given by U(E) = 1 + o(E~), U(E) = 1 + 0(.9). Sometimes we 
may find it convenient to scale (A), by letting U = u/s4 and U = v/sS. In this 
equilibrium of our scaled equation is given by U(E) = c+ Ok, U(E)= 
d+ o(Y) and the new equation is the same as (S), with c = d= 1. Note 
(2.3), may have several equilibrium points in the interior of the first quad- 
rant, each one may have a different scaling factor associated with it and 
hence may give rise to a different equation (S),. Sometimes we shall only 
look at a particular equation to obtain the local qualitative behavior 
around the equilibrium point. However, in general it will be necessary to 
obtain the stability behavior of all the equilibrium points together since 
their interactions in an angular direction is crucial. 
In order to obtain an analysis of the bifurcating cycles we scale one of 
the variables and let the other variable be zero in the first approximation. 
So our governing equation for a cycle on the u axis is given by a scaling 
of (S), in which we substitute V = 0 into the arguments of B, and C,, 
namely, 
; = li(& + B,(UC&q, 0)) 
t= i?(& + c,(iiCEy, 0)). 
A similar equation governs the motion for the cycle on the o-axis, namely, 
i = U(E + B,(O, Cd&“)) 
; = U(E + C,(O, iTd2)). 
(fh 
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Now by making the tra_nsformations zi =U- U(E), z2 = V iE (S),: and 
zi =U, z,=E-U(E) into (s), we arrive at systems (A), and (A),, respec- 
tively. We will not write these systems explicitly. 
Now consider the transformation z, = U - U(E), z2 = 0 - U(E). Then (S),: 
takes the form 
2, = (a&‘+ O(d)) Zl + (/hr + O(E’)) Z2 + Ebff,(Z,, Z2, E) 
i, = ()‘&li + O(&“)) Z, + (6E” + O(&*)) Z2 + &(‘ff2(ZI, Z2, E), 
@I, 
where b, c, I, fi, 2, r < 1, c(, /I, ‘J, 6 are constants, H,(z,, z2, E) and 
ff,(z,, z2, E) are o(zf + z:). By using the fact that (ii(s), U(E)) is an equi- 
librium point of (S), as well as condition (2.4) it is not difficult to see that 
the scaling and linearization process given above leads to the conclusion 
that I = b and ti = c. In addition similar algebraic calculations imply r 2 1 
and ti~fi. Let M(E) be the matrix relative to the linear part of (B),. Then 
we have the following proposition concerning M(E). 
PROPOSITION (3.1),. The eigenvalues of M(E), given by A,(E) and A,(E), 
are real with d,(E)= O(E’) and AZ(&) = O(E”). 
Proof: We may assume first that c1 and 6 are not zero. Now by our 
above remarks we may further suppose without loss of generality that 
I< tii. Then 
M(E) = 
Cc&‘+ O(&‘) bEr + O(&‘) 
YE” + O(&‘) h&” + O(Ea) 1 
and its eigenvalues to the lowest order are the same as those of 
where r - 13 0, ii - 12 0, til b 0. Consider the scaled matrix 
and denotes its eigenvalues by Xi(s), n,(s). Then 
If ti = ti and r = I then one of the eigenvalues will be zero (we will shortly 
show that one eigenvalue is always negative) if and only if a6 = pi. 
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Otherwise if either fi # fi or r # I then to terms of order fi - 1 we have 
X,(E) X2(&) = a6.P’, (3.2) 
and 
I,(E) + I,(c) = a (3.3) 
(we are using the representation for 1, and 1, at the order Si -I). If Si = 1 
then ti = Ci = r = I and as we pointed out one of the eigenvalues will be zero 
if and only if a6 =/I?. If fi #I then (3.2) and (3.3) imply that xi(s) = 
a+0(1),X2(~)=a8.P’+O(P~’ ), that is the eigenvalues of M(E) are given 
by 
A,(E) = ad+ o(d), AZ(c) = a&” + o(P). 
Now if either a or 6 is zero then clearly M(E) is singular and thus one of 
its eigenvalues is zero (but not both). This completes the proof of Proposi- 
tion (3.1),. 
We remark that in the case h = 3, we have 3 = ti = r = I= 1 and a6 # fly. 
Later we shall assume a6 = /3y. In order to obtain the existence of tori we 
shall need that &(s) # 0, i = 1,2. Equivalently from our previous observa- 
tions, we require that the following nondegeneracy condition is satisfied: 
Matrix M(E) does not satisfy 
ii=rii,r=I and a6 = By. (3.4) 
We also require condition (AN) on the angular components at (2.3),. 
We now apply a transformation to (2.3),, similar to the one we used to 
transform (A), into (B),; we obtain in a neighborhood of the origin in the 
z, , z2 variables 
(3.5), 
8, = w, + &“G(z,, z2, el, e2, E) 
4, = ~2 + &‘K(z,, z2,6,, (32, E), 
where p> 1, x > ti, v] > 0, + > 0 and where we have used the same letters 
E, F, G, and K in Eq. (2.3), and (3.5),. Moreover, r~ > I and $ > Ci, a conse- 
quence of (AN). Finally, 
W lrz2,e,, ‘32, ~)=E,te,, Q2)+E2(~1,~2, O,, ‘32, E), 
F(z,, ,727 61,023 ~)=Fl(e,, ~,)+F,(z,, z2,61,6zt, E), 
where E, and F2 begin with linear terms in zl, z2. 
(3.6) 
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Thus in order to find the existence of invariant tori of (2.1), it is 
sufficient o find functions 
Zi=Zi(E, Ol7 e*), i=1,2 
Zi(E, 0, + 27-L b) = Z,(E, o,, 0,) 
where 0 d Bi < 271, i = 1,2, such that (Z,(E, 8,, Q,), ZZ(s, 6,) 0,)) is invariant 
with respect to (3.5~)~. To do this we will apply the theory of integral 
manifolds with a small parameter (see [2, Chap. 71) to (3.5),. Indeed we 
may use [2, Sect. VII.2, Theorem 2.11, since the growth conditions in E 
on the various terms in (3.5), allow us to use the contraction mapping 
principle. The crucial inequalities needed are /.L > I, I> ti, ye > 1, II/ > ti as 
well as the property that H,(z,, z2, ~)=O(zf+z:) as (z1,z2)+(0,0) for 
each E, i = 1, 2. We leave the rest of the details to the reader. 
We have thus proved the following existence theorem. 
THEOREM 3.1. There is a one to one correspondence between the set of 
tori of (2.1), and the set of equilibrium points of the averaged amplitude 
equations (A), for each small E > 0 if the origin of (2.1), is h-asymptotically 
stable the matrix M(E) does not satisfy condition (3.4) and condition (AN) 
holds. Moreover for each torus of (2.1), there are numbers q and s > 0 such 
that the torus lies in an Ed neighborhood of (x, , y,) = (0,O) and in a E” 
neighborhood of (x,, y2) = (0,O). 
4. STABILITY OF THE BIFURCATING TORI 
We shall assume the conditions of Theorem 1 hold; hence neither of the 
eigenvalues A,(E), n,(s) of the linearized equation around the equilibrium 
point (U(E), V(E)) of (B), are zero. We show that the stability properties of 
(U(E), U(E)) are inherited by the corresponding invariant torus of (2.1), (or 
equivalently (2.3),) given by u = ce4(U(s) + Zr(s, 8,) e,)), v = dE’(U(&) + 
ZZ(E> 0,~ 0,)). 
Making the substitution d, = u - GY(U(E) + Zr(s, 8,) f3,)) and d, = 
v-d~“(fi(&)+ ZZ(~, or, 19,)) into (2.3),, then a scaling, as is done in 
Section 3, leads to an equation of the form (see also (3.5),) 
(4.1), 
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where a= (d,, d,), R,(d,, d2, E), and &(d,, d,, E), i= 1, 2 are o(df+d:) for 
each E small. Moreover p > 1 and x > fi. Since each of the eigenvalues of 
M(E) are not zero and the remaining terms of the linear part of (4.1), are 
of higher order in E than the order of the eigenvalues of M(E) we conclude 
that the stability behavior of the invariant tori of (2.1), are determined by 
the eigenvalues of M(E). Hence the stability behavior of the invariant tori 
of (2.1),, because of condition (AN), is the same as the corresponding equi- 
libria of the average amplitude equation (B),. In the case of a cycle the 
corresponding equilibrium of (B), has one component zero. 
We now show that one of the eigenvalues of M(E) is negative because of 
the exchange of stability of the origin as E increases through zero. (This 
observation holds whether or not M(E) is nonsingular.) 
PROPOSITION 4.1. Each invariant torus of (2.1), has at least a one dimen- 
sional stable manifold. 
Proof: It suffices to show each equilibrium point of (4.1), has a one 
dimensional stable manifold; that is M(E) contains at least one eigenvalue 
which is negative. By our discussion above it suffices to show that each 
equilibrium of (S), has at least a one dimensional stable manifold. As we 
saw in the beginning of Section 3 by letting 4 = 0, where 4 is the polar 
angle in the U-V plane, the equilibrium of (S), satisfy either 0 = atiP + o(z3’) 
for a 2 0 and p b 0 or u = 0. Inserting V = aCP + O(zZ’) into (S), gives us an 
equation of the form 
6 = Eli - cl7 + o( ii, UP), (4.2~~ 
where c > 0 since the origin of (4.2), is asymptotically stable. The existence 
of s is due to the h-asymptotic stability, implying 1 <s < h. Now the right 
hand side of (4.2), represents the U component of the flow along the curve 
A: {[ii, V] :d=O>. The ii-component of the flow is given by z7=aiiP+o(uP) 
for E small. 
Letting pE= (p,, p,), we find pti= (a/~)~‘(~-‘) and the linearization of 
(4.2), around pu yields an eigenvalue equal to E( 1 -s) which is negative. 
Hence for the full system there exists a negative eigenvalue. A similar 
analysis holds for the case in which V = 0 (or U E 0) and we again obtain 
an equation similar to (4.2), (or similar to (4.2), with U replaced by 6). This 
concludes the proof. 
Consequently we have proved the following result. 
PROPOSITION 4.2. Assume the matrix M(E) is nonsingular for E small, 
Then each bifurcating torus of (2.1), is either a saddle point or a uniform 
attractor, whose stability or instability is recognizable by its linear part. 
409/155/2-18 
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In order to determine whether a bifurcating torus is a saddle point or a 
uniform attractor it is sometimes easier and more useful to analyze the 
behavior of the polar angle 4 in a neighborhood of each equilibrium point 
pI: of (S), rather than analyzing the eigenvalues of M(E) directly. In par- 
ticular we will study the behavior of 4 along an invariant curve C trans- 
verse to A in a neighborhood of the approximate scaled equilibrium point 
(1, 1). The existence of such a C follows if M(E) is diagonalizable for then 
the eigenspaces are transverse. If M(E) is not diagonalizable then both 
eigenvalues are the same and hence the equilibrium point (and the corre- 
sponding torus) is a uniform attractor. Moreover we observe that C can be 
parameterized by the angle 4 in a neighborhood of each equilibrium point. 
Indeed, the transversality condition, the linear complete instability of the 
origin of (S), and the h-asymptotic stability of the origin of (S), implies 
that any trajectory cannot cross the radial vector relative to the equi- 
librium point pE an infinite number of times, thereby clustering at pE. 
So we represent C as r = r(b). Now $ = (15% &)/(zi2 + 17’). Along C 
define G(4) = (6; - i$)/(ii’ + 6’); we observe G(d) is well defined as C is an 
invariant curve of (S), and the flow on C can be parameterized in terms 
of $6. 
d = G(4). (4.3) 
The stability behavior of (4.3) at the scaled equilibrium point pE whose 
coordinates are given by (1 + o(sy), 1 + o(2)) determines whether C is a 
stable or unstable manifold of pE. Hence it suffices to find the sign of G’(d) 
at (1, 1) in order to establish whether the bifurcating torus is a saddle point 
or uniform attractor. This will be related to the stability of the other equi- 
libria and we shall use this later. 
We observe that 
that is, 
Now at pE, G(d) = 0 and letting 4, be the polar angle of p, we have 
Hence the sign of G’(4)/, is the same as the sign of (d/&5)(&- Ur?) at #,, 
that is at (1.1) for E sufficiently smail. Let It/(d) = z%-ii;; hence our 
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problem reduces to finding the sign of $‘(d) at b= 7r/4 (recall the 
approximate equilibrium point is at (1, 1)). Now from (S), 
$((b) = uv(B,(uc&“, ikiES) - C,(UC&~, Vd&“)) 
= &‘UV(B,(U, 6, E) - Qi, v, E)), 
(4.4) 
where 0 < j < 1 and .zi is tha largest power common to each term of the 
right hand side of (4.4). In order to determine the sign of 1,9’(d) at 4 = z/4 
we may neglect the terms whose coefficients depend on E. 
Hence define 
f( ii, 6) = lim 
B,( k&4, iidES) - C”( iice~, Cd&“) 
E--t0 & j (4.5) 
Clearly f( 1,1) = 0 and the sign of $‘(4) is the same as the sign of 
+f(~(m,cos(,r(B)sinm)(~=~,l~(12(dJ~)l~=_ 
=~-$(f(r(~)cosfj,r(qS)sinq5))/ 
q5 = R/4 
since f(1, l)=O. 
Hence we must determine the sign of 
=fdL 1 
+fAl 
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Hence the sign of G’(d) at p, is the same as the sign of 
In the case in which we had scaled (A), by ii = U/E~ and C= U/E’ then 
everything is as before except the equilibrium point is at (c, d) rather than 
at (1, 1). In the case in which the bifurcagon torus is a cycle then the 
corresponding equilibrium point of (S),: (or S),) is either (1 + G(E“), O(E’)) 
or (O(E’), 1 + O(sk)) and the approximating equilibrium point is (1, 0) (or 
(0, 1)). Proceeding exactly as before analogous to (4.6) we define in the 
case in which (1,0) is the equilibrium point, 
f(z& V) = lim 
B,( UCP, 0) - C,( UC&q, 0) 
i: + 0 E’ (4.7) 
Then the sign of G’(4) at (1,0) is the same as the sign of 
m 0). (4.8) 
Note the sign of (4.8) does not depend on the curve C. In the case in which 
the equilibrium point is (0, 1) then (4.7) and (4.8) become respectively 
J(ii, U) = lim 
B,(O, l7d.5”) - C,(O, Cd&“) 
&’ ’ (4.9) E’O 
and 
h, 1). (4.10) 
We can now state our main result of this section. Again we are assuming 
condition (AN) holds. 
THEOREM 4.1. The following are equivalent: 
(a) the linearized matrix M(E) about an equilibrium point P, of (S,) is 
nonsingular. 
(b) M(E) does not satisfy (3.4). 
(c) Equation (4.6) is not zero if p, is in the interior of the first 
quadrant; (4.8) ((4.10)) is not zero zfp, on the x axis (y axis). 
In each of these cases there exists a bifurcating torus of (2.1), which is 
either a uniform attractor or a saddle point. If the bifurcating torus is not 
a cycle it is a uniform attractor if and only if both eigenvalues of M(E) are 
negative or equivalently if and only if (4.6) is negative. If the bifurcating 
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torus is a cycle on the x axis (y axis) then it is a uniform attractor if and 
only if both eigenvalues of M(E) are negative or equivalently if and only if 
(4.8) ((4.10)) is negative. 
Let us make some observations concerning the implementation of 
Theorem 4.1. The question of whether to work directly with the matrix 
M(E) or to use (4.6) depends on whether it is necessary to know r’(rr/4) in 
(4.6). (In the case in which h = 3, as we shall see, it is not necessary to 
know r’(d).) Moreover, for the cycles we immediately obtain their stability 
behavior from the sign of (4.8) or (4.10). Now if we consider all the equi- 
libria of (S),, we can show (which will appear in a forthcoming paper) 
there are invariant connections between these equilibria, ~~(4). Since the 
attractivity properties between two adjacent equilibria alternate and since 
the attractivity properties of the cycles are immediately known then one 
knows whether (4.6) is nonnegative or nonpositive. We will give examples 
in the next section, but now we apply our results to the case h = 3, [4]. 
Recall in the case h = 3 system (S), has the form 
;=&U(l +ati+/z) 
;=&U(l +yU+l%), 
(4.11), 
which is obtained from (A), using the transformation U = U/E and V = U/E. 
We know that a and 6 are negative and assume (3.4) does not hold; that 
is, we assume ct6 # /?y. 
In addition condition (AN) is automatically satisfied. In using the trans- 
formation ii = U/E and 0 = VIE in (A), we find 
f( u, 6) = --ctu - pv + yu + 66. (4.12) 
Now the sign of 4 is the same as the sign off(ti, 6). In fact, because of the 
linearity of B, and C, we will be able to ascertain the change of the sign 
of $ across an equilibrium point without computing (d/&)(f(z?, 6)). Letting 
A = ~16 - /3y we must have that A > 0 when /i > 0 since A < 0 implies the 
origin of (A)0 is unstable. Indeed if A <O and /? > 0 then a6 < /?y implies 
y > 0 and --ml/? < -y/s. Now consider the set of points T= {(U, 6): ii = 01. 
Then T= {(ii, I?): C/ii= -a//?> and the set 6 = 0 = {(ii, U): 17//u = -y/6}. 
Every solution of (4.1 I),, that enters the wedge -u/B < c/ii < y/6 stays in 
this wedge and becomes unbounded as t -+ co. Now if /? > 0 (and A < 0) 
then y < 0 implies all solutions of (A), approach the origin tangent to the 
V axis. If /? > 0 and y > 0 then solutions eventually lie in the wedge -y/6 < 
G/ii d -a/b and approach the origin tangent to the set @: {(U, 6): $ = 0) = 
{(U,U):U=((y-a)/@-S))U}. Th is set exists since a6 #By. Hence the 
origin of (S), is 2-asymptotically stable if and only if one of the following 
conditions are satisfied (we always assume a, 6 < 0) 
554 S. R. BERNFEI.1) 
(a) A > 0, b > 0, y > 0 (in this case 0 exists) 
(b) By < 0 (in this case @ does not exist as solutions are tangent to 
one of the axes) 
(c) /I-CO, “J ~0 (in this case @ may exist; otherwise solutions are 
again tangent to one of the axes). 
So only in case (b) are we sure that (S), does not have a torus which is 
not a cycle. In fact 4 < 0 on the set {(U, 6): 0 d U/V 6 (p - S)/(y - a)} and 
$ >O on the set {{U, G}: 06 G/G< (y - r)/(b- TV)}. Thus the torus is 
asymptotically stable. Moreover each of the two cycles must be saddle 
points. In case (c) there exists a torus which is a saddle point if fl< 6 and 
Y-CCC. In this case d>O on the set {U, 6): O<r?//U<(y-a)/@--a)}. We 
note that each of the two cycles is asymptotically stable. Finally another 
torus which is asymptotically stable may exist if fl> 6 and y > a. In this 
case the two cycles are saddle points. 
We now show the stability behavior is recognized by the linear part 
around each equilibrium. We will use (4.12) and evaluate the sign of 
at the equilibrium points of (4.1 l),. We do it first around the cycle 
(-l/a, 0). In this case (4.13) becomes after scaling (4.11), ii= U and 
i7= E/.sk, where k is any large integer 
~$(rili)((y-a)ii+c’(b---p)a). 
Since k can be any large integer it suffices to show the sign of 
(4.14) 
(4.15) 
at the equilibrium point (-l/a, 0) is not zero. Letting ii= r(b) cos 4 
and C=r(++~)sin+ then (4.15) becomes (y-a)(l/a2)(d/dd,)(r(4)sind,)/,=, 
which finally yields 
Hence the cycle “on the u axis” is linearly asymptotically stable if y < a and 
a saddle point if y > a. 
A similar computation for the cycle on the u axis corresponding to the 
equilibrium point (0, - l/6) yields with z? = U/sk, r?= V a scaling of (4.11),, 
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=(s-p)v”3 = --&b-8). (4.17) 
++=O 
Hence this cycle is linearly asymptotically stable if 6 > /3 and a saddle point 
if 6 < j?. 
Hence as we expected the nondegeneracy conditions 6 #fl and y #cr 
imply that the stability nature of the cycles is automatically recognized by 
its linear part. 
A similar analysis for the tori follows. Indeed the equilibrium point is 
ui = C/3--S)/(a6-by) and ui = (y -cr)/(& -y). Now by scaling (A), by 
u = u/cui, u = o/&u1 we arrive at a system of the form 
22 = &$a, + (Cl u + d, 6)) 
C=G(b, + (flu+ g1V)) 
(4.18)s 
whose equilibrium point is at (1, 1). The determinant of the linearized 
matrix around (1, 1) for (4.18), is (016 - by)(6 - P)(u - y) which is not zero 
by our assumptions. Then by Proposition 4.2 we obtain the desired conclu- 
sion concerning the stability nature of the torus. An alternative would have 
been to compute the sign of (4.13) at 4 = 7c/4, which would have lead to the 
same expression, not unexpected since f is linear. Our analysis of the 
stability of the cycles appears more direct than in [4], where the authors 
linearize around the cycle using (2.1),. 
5. EXAMPLES 
In this section we give some examples in the case that the origin of 
(1, 110 is h-asymptotically stable with h > 3. By our transformation 
h-asymptotic stability of (1, l). we recall is equivalent to (h + 1)/2 
asymptotic stability of ( A)o. In these examples we present only the 
averaged amplitude equations since it is not difficult to reconstruct the 
original equations (1.1 ), in normal form. 
EXAMPLE 5.1. Consider the problem discussed in [4] and summarized 
at the end of the last section. We assume now that the determinant of 
M(E) = 0, that is US = By. In this case Eq. (A), 
ti=u(au+/?u) 
ti = u(yu + Su) 
(5.1) 
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has the property that the line c = - (crib) u = - (y/6) u consists only of 
equilibrium points when ,0 > 0, and the origin of (5.1) is not 
2-asymptotically stable. So we now perturb (5.1) in order to obtain that the 
new equation is 3-asymptotically stable. Indeed first consider the system 
(analogous to (A),:) 
ti=~u+u[(au+jh)+u,u2+a2uv+a,v2] 
ti = EV + u[(yu + &I) + b, 22 + hzuv + b,v’]. 
(5.2) 
In order to give conditions on (5.2), to guarantee that the origin is 
asymptotically stable we require that the sets S, = ((u, v): ti = O> and S,, = 
{(u, u):d=O} satisfy (u, v,)ES~, (u, v,)~S,,=vi >v, whenever U>O and 
we write S,>S,. Then if we consider the wedge W= {(u,,u,):u,>O, 
S,, d v, < S,,}, W is a positively invariant set and is an attractor whose 
region of attraction is the set ((u, 0): u 3 0, v 3 0). Finally the only 
invariant set in W is the origin, which is a uniform attractor whose region 
of attraction is R+ x R+/{(O, O)}. 
We now find conditions on {a,} i = 1,2,3 and on {b;} i = 1,2,3 such 
that the above conditions are met. For (5.2), S, is given by 
o=au+/?v+a,u2+a2uv+ajv2, 
that is, 
2 
fj= -cru-a,u-p-p azuv a,v2 
P B B P 
while the set S, is given by 
v&- 
b,u2 b2uv b,v2 -_--- 
/? 6 6 6’ 
As functions of u, S, up to the quadratic terms is given by 
and S, is given by 
v= -ecu-- --- b,u2 b2au2 b,a2u2 
/j 6 + ps 826 +o(u2)- 
Hence we require 
-b,u2 b,au2 b3a2u2 -a,u2 a2au2 a3a2u2 --- 
6 + fis fi2(3 <7+8’-P” 
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that is, 
1 
s (5.3) 
So condition (5.3) implies that the origin of (5.2), is asymptotically stable. 
We now show in fact the origin of (5.2), is 3-asymptotically (and hence 
the original system (2.1), is 5-asymptotically stable). Since (5.2), is not 
2-asymptotically stable it suffices to prove that the origin remains 
asymptotically stable when (5.2), is perturbed by terms of order greater 
than or equal to four. But this is clear since the inequality in (5.3) is 
preserved under perturbations of order greater than or equal to four. It is 
also clear that all solutions of (5.2), approach the origin tangent to the ray 
u = - (u/b) u (except, of course, for the solutions lying on the u and u 
axes). Moreover relative to (5.2), the set @ = ((u, u): 8, = 0} is tangent to 
the ray u = - (a/j?) U. Hence for (l.l), there are two cycles and one two 
dimensional torus T. The equilibrium (?, 4) of (5.2), corresponding to T 
has the property that d>O for c$<$ and $<O for 4 >4. From this we 
immediately conclude that each of the cycles is a saddle point and the torus 
is asymptotically stable. In order to conclude that the stability of the equi- 
libria of (5.2), are determined by its linear part we need again to investigate 
the sign (d/&)(UU) f(zi, 6). 
Let us first scale (5.2), by substituting U = U/E and V = v/s. 
We arrive at 
Now let us consider the equilibrium point on the U axis (V axis) of (5.4), 
which is given by (- l/cr + O(E), 0) ((0, -l/6 + O(E))). The analysis of the 
stability of these equilibrium points is eactly the same as that given at the 
end of last section (see (4.16), (4.17)). Indeed the degeneracy condition 
a6 = /?y with /I > 0,6 > 0 does not affect the computations of the stability 
conditions (4.16) and (4.17) of the equilibrium points on the axes. Thus we 
have that the equilibrium on the U axis is a saddle point recognizable by its 
linear part since y - c( > 0 and the equilibrium on the U axis is also a saddle 
point recognizable by its linear part since 6 - j < 0. 
In order to establish the linearized asymptotic stability of the tori we 
assume that the set { ( U, u): 4 = 0} relative to (5.2), is given by 
v= --u++au2. 
P 
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We see that a satisfies 
Let us scale (5.2), by U = U/E, G= (u/E)( -b/r) = (VI&)( --S/v) and compute 
f(fi, 17) as defined in (4.5). We obtain f(~, u) = (y-cw)(ii- 6). The equi- 
librium point is at (1, 1 + O(E)). It thus suffices to show that the sign of 
3 (Uijf(,, 6)) < 0 at U= 1, I?= 1. 
But this is the sign of (4.6) which in our case is 
Thus we see that the “angular component” of the vector field at the torus 
can still be computed along the ray u = - (a//?) ZJ (and does not depend on 
r’( n/4)) since for F small the sign of (d/dd)(Uijf(U, V)) is negative. This 
completes the analysis of Example 5.1. 
EXAMPLE 5.2. Consider the equation 
i=&x-x3+X*y-xy3 
j = &y - y5. 
(5.5), 
For E =0 let us compute the approach to the origin of any trajectory. 
Clearly the trajectories on the x axis approach the origin asymptotically of 
order 3 while the solutions on the y axis approach the origin asymptotically 
of order 5. Consider now y = uxp, where a >O, p > o; inserting this into 
(5.5), yields 
&( -(+/P) = j = p&y -x* + axp + 1 - a3x3P) 
or 
- a4x4P = -px* + paxP + ’ - pa3x3p. 
We now search for values of p for which the above is an identity to the 
lowest order. Hence we are looking at 
0 = -px* + paxP + ’ - pa3x3p 
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or 
This is also the set of points (x, y) for which 4 = 0. Then we observe p = 1 
and a = 1 and p = 4 and a = 1 satisfy the above equation. That is every 
solution of (5.5), not on the x or y axes approaches the origin like y = x 
or y = fi as t + co. This follows since the y component of each solution 
satisfies j = - y5. Hence the origin of (5.5), is asymptotically stable. In fact 
it is easy to see that the origin of (5.5), is 5-asymptotically stable for if we 
perturb (5.5), by terms of degree six or more then an easy analysis shows 
that these terms do not affect the value of a and p. In fact this can be seen, 
for example, by using Newton’s diagram. This implies the original system 
is 9-asymptotically stable. 
Let us now scale (5.5),; we shall consider the two cases p = 1 and a = 1 
andp=f, u=l. 
Case 1. p = 1, a = 1; that is y = x. Then from the second equation of 
(5.5), we have y = ,$&; hence x = fi on the set in which d = 0. So now we 
make the transformation X = x/s, j = x/Q?&. Then (5.5), becomes 
Then for (5.6), we have 
f(x, y) = lim ( - &j4 + Pyj&“* + yw 
c-0 
= ?Fo ( - 8 1’2jF + x2 - xj + y3&1’4) 
=x*-q. 
So we have to compute 
$ (Xjq(2 - xjq at X= 1, j= 1. 
Using (4.6) we find that (5.7) is equal to 
(5.6) 
(5.7) 
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Hence this equilibrium is an attractor recognized by its linear part and the 
sign of (5.7) did not require knowledge of r’(71/4). 
Now for the equilibrium given in Case 2 in which J*= X’ ‘, then J’ = < 1 
and x = A. Thus in (5.6),. F is still 0( I ) but X is O(E’:~). 
In this case f(Z, j) = -.fF + J3e1j4 and the approximate equilibrium 
point is at (E”~, 1). Hence 
And we find 
-$ (ij)( -xj+y3&“4) 
X=,1,4, i=l 
=f*(&‘i4, l)(r’($) cos fj- r(6) sin 4) 
+f,i(.5”4, l)(r’(& sin $+ r(4) cos 6) 
= -(I) ( rY&&-J~ J--J 1 lEli2 
+ (2~‘~~) 
( 
r’(i) 
J&P 
$ $-p E1j4 
A 1 + &“2 
= 1 + J& r’(qQ + 2.z”‘. (5.8) 
For E small we find that (5.8) is positive and the equilibrium is a saddle 
point recognizable by its linear part. Note the effect of r’(4) is negligible. 
This is not uncommon when there is more than one equilibrium point in 
the interior of the first quadrant with different scaling factors. 
For the cycle on the y axis whose equilibrium is given by (0, 1) we find 
according to (4.10) that 
-J(O, l)= -y3= -1. 
Thus the cycle at (0, 1) is asymptotically stable and its stability behavior is 
recognizable by its linear part. 
Finally for the cycle on the x axis whose equilibrium has coordinates 
(E ri4, 0) we find according to (4.8) that its stability behavior is given by the 
sign of 
Hence this cycle is a saddle point. 
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This example exhibits the general structure of the stability behavior of the 
equilibria. Namely, the behavior of the cycles can be found immediately. 
Moreover the linear stability behavior either alternates as we go from one 
equilibrium to another when the linearized system is nonsingular (due to 
the existence of connections which will be shown in forthcoming work), 
or some of the equilibria are in a critical case. We have not considered 
this situation for the equilibria of the approximating equations obtained 
by averaging and truncation do not necessarily imply the existence of 
bifurcating tori for the original system (see also [ 11). 
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